We demonstrate a novel technique for measuring ultralow linear birefringence of supermirrors ͑high-reflectivity dielectric mirror coatings͒. The polarimetric cavity ringdown technique is used in conjunction with the differential detection scheme with circular polarization to enhance the measurement sensitivity. The technique could, in principle, provide the convenience and reliability of linear detection signals and a reasonable tolerance to experimental imperfections. Phase retardation and orientation of each cavity mirror can be determined separately without the influence of the other mirror. The minimum detectable phase retardation achieved experimentally with this technique is ϳ6 ϫ 10 Ϫ8 rad.
Introduction
The accurate characterization of high-reflectivity mirrors is of central importance for many sensitive measurements that employ the multipass optical configuration. Along with the mirror reflectivity, the residual phase anisotropy of a dielectric mirror coating becomes all the more crucial when the detection involves the minute change of a probe light polarization as in the experiments that include parity nonconservation measurement, 1,2 gravitational-wave detection, 3 magnetic rotation spectroscopy, 4, 5 material anisotropy characterization, 6 -8 gyrometry, 9 etc. This is because the extreme multipass sensitivity amplifies not only the physical quantity that one wishes to measure but also the unwanted systematic errors that arise from the mirror phase anisotropy itself to negate the delicate interferometric measurements.
Previously, several attempts were made to measure mirror birefringence by use of ellipsometry, 10 the detection of accumulated polarization distortion in a cavity, 11 and the polarization oscillating cavity decay method, 12 all based on oblique incidence measurements that are effective only for phase retardation greater than 10 Ϫ5 rad. With the conventional choice of linear polarization analyzers, the polarimetric cavity decay techniques reported were restricted to the measurement of large anisotropic phase retardation ͑Ͼ0.05°͒ at off-normal incidence 12 or to the detection of polarization-dependent dichroism ͑loss difference͒. 13, 14 It was not until 1995 when Jacob et al. 15 successfully characterized purely intrinsic mirror birefringence at normal incidence that one could measure ultralow supermirror birefringence. They achieved the phase retardation sensitivity of Շ10 Ϫ6 rad in a high-finesse Fabry-Perot cavity configuration employing a linear polarization analyzer to detect depolarized output intensity. However, the technique must cope carefully with uncertainties contributed from the variation of cavity finesse, the angle error in birefringence orientation, intensity fluctuation in the dual-detector system, and the performance of polarizer-analyzer extinction. The ultimate sensitivity of their technique was set by the extinction ratio of the polarizer used in the experimental apparatus.
Here we present a new simple approach to characterize the ultralow birefringence of supermirrors based on a polarimetric differential ͑PD͒ cavity ringdown ͑CRD͒ technique. 13, 14 To overcome the existing technical limitations as well as to achieve high sensitivity, we combined the advantages inherent from the CRD measurement and the balanced detection scheme. The extreme multipass sensitivity of a high-finesse Fabry-Perot cavity is exploited in the CRD setup, and the polarimetric detection in conjunction with a circular polarization analyzer could provide the convenience of linearity in a birefringence signal and reasonable noise immunity.
Principle and Theory of the Polarimetric Differential Cavity Ringdown Technique for Birefringence Measurement
The foundation for our method is the CRD technique 16 -18 with which the intracavity loss is measured from the time rate of intensity decay of a probe light coupled to a resonant Fabry-Perot cavity that contains an absorbing sample. The light signal at the cavity exit, referred to as a ringdown signal, decays exponentially in time with a time constant of ϭ d͞c͓͑1 Ϫ R͒ ϩ ᏸ͔, where d is the cavity length, c is the velocity of light, R is the reflectivity of the cavity mirrors, and ᏸ is the single-pass fractional loss that is due to the sample inside. Provided that the ringdown time for an empty cavity is known as 0 ϭ d͞c͑1 Ϫ R͒, one can extract sample loss ᏸ from the relation ᏸ ϭ ͑1 Ϫ R͒͑ 0 Ϫ ͒͞.
In the polarization-dependent CRD method, 13,14 the ringdown signals have dual ringdown times for two different polarizations of light given by
where the ϩ and Ϫ superscripts designate the two distinct polarization states ⑀ ϩ and ⑀ Ϫ , respectively. The differential loss ͑ᏸ ϩ Ϫ ᏸ Ϫ ͒ can be readily determined in the PD CRD measurement by
In Fig. 1 , which shows the optical layout of the PD CRD technique, light field E 0 linearly polarized along the x axis is coupled to a Fabry-Perot cavity composed of two birefringent mirrors, M 1 and M 2 , that produce the eigenpolarizations with nondegenerate resonance frequencies. The intracavity light field gradually depolarizes into a lower degree of elliptical polarization during cavity round trips. On the basis of circular polarizations, this implies that the initial balance E 0 ϩ ϭ E 0 Ϫ between the right circularly polarized ͑RCP͒ state, ⑀ ϩ , and the left circularly polarized ͑LCP͒ state, ⑀ Ϫ , is destroyed by the energy transfer from one polarization to another. The polarization distortion caused by the energy transfer apparently results in polarization-dependent gain or loss of the cavity, providing the difference in the ringdown times of the two polarizations. The resulting difference in ringdown times between the two polarizations is a direct indication of the rate of change in polarization states of the intracavity light, allowing for the corresponding birefringence characteristics that are involved.
Each birefringent mirror M i ͑i ϭ 1, 2͒ can be modeled as a combination of an ideal mirror with reflectivity R i and a wave plate of phase retardance i with its fast axis oriented at i from the x axis. The corresponding Jones matrices for such mirrors are represented as M i ͑ i ͒, which could decompose as
Ϫ1 ͑ i ͒ with a rotation matrix R͑ i ͒ and an anisotropy matrix M i for the fast axis lying on the x axis. The intracavity optical field that undergoes N round trips is then described by the Jones matrix, which is represented by circular polarization bases ⑀ ϩ and ⑀ Ϫ as
where ␣ ϭ 1 sin 2 1 ϩ 2 sin 2 2 and ␤ ϭ 1 ͑2 sin
If the mirror birefringence is small enough to satisfy a rough criterion F i ͞2 Ͻ Ͻ 1 with cavity finesse F ϭ ͑͞1 Ϫ R͒, the accumulated anisotropic phase retardation in an optical field after cavity round trips should also be minute. Under the assumption of weak birefringence in cavity mirrors guaranteeing that N i Ͻ Ͻ 1, the cavity Jones matrix C N is approximated as
For a balanced input field ͑E 0 ϩ ϭ E 0 Ϫ ϭ 1͒, the resultant field component in each circular polarization becomes E N Ϯ ϭ R N ͓͑1 Ϯ N␣͒ ϩ iN␤͔ with R ϭ ͌ R 1 R 2 . Thus the constant fractional loss that occurs during each round trip yields ͑I N Ϯ Ϫ I Nϩ1
With the corresponding perpass polarization loss ᏸ Ϯ ϭ ϯ␣ in Eq. ͑2͒, we can finally characterize the birefringence of the mirrors by using the relation
where the polarization-dependent ringdown times, ϩ in the RCP state and Ϫ in the LCP state of a ringdown signal, can be measured at the two output ports of a circular polarization analyzer. As depicted in Fig. 1 , the circular polarization analyzer comprises a quarter wave plate ͑QWP͒ with its fast axis at Ϫ45°f rom the x axis to convert the two circular polarization components in the RCP and LCP states, respectively, into x-and y-polarized lights and a polarizing beam splitter ͑PBS͒ for beam separation. According to Eq. ͑5͒, the rotation of one cavity mirror ͑say, M 1 ͒ while keeping the other ͑say, M 2 ͒ fixed at an arbitrary angle would produce a sinusoidal oscillation in the experimentally measurable value , which carries the information of the rotating mirror. The oscillation amplitude is equal to phase retardation 1 of M 1 , and the maximum occurs when the fast axis of M 1 is oriented at angle 1 ϭ 45°. The phase anisotropy measured in this setup is definitely the intrinsic mirror birefringence at normal incidence inasmuch as the off-normal birefringence is presumably rejected in the strict high-finesse cavity alignment.
Experimental Setup and Results
For the experimental demonstration, we used a CRD setup with CW laser excitation based on the implementation done by Rempe et al., 19 as illustrated in Fig. 2 . The Fabry-Perot cavity is constructed with a super-Invar interferometer ͑Burleigh RC110͒ that consists of two supermirrors ͑Research Electro Optic, Inc.͒ on mechanical rotation stages separated by d ϭ 17 cm. Both supermirrors are spherical with a 4-m radius of curvature and a 0.5-in. (1.3-cm) diameter. A single-frequency cw ring dye laser ͑Coherent 899-21͒, stabilized to within approximately 1 MHz, was used at 575-nm wavelength with less than 0.1-mW laser power at the cavity entrance. The laser beam was mode matched by lens L to the TEM 00 mode of the cavity such that any higher-order mode excitation was suppressed to 1% of the fundamental, and then linearly polarized along the x axis by a Glan laser polarizer ͑GLP͒. The rear mirror that rests on the hollow cylindrical piezoelectric transducer ͑PZT͒ was modulated to 150 Hz to couple the laser into the cavity. The scanning cavity was made resonant with the laser frequency at the center of each modulation period by use of the bias tracking servo. At a preset threshold of on-resonance light intensity coupling, the acousto-optic modulator ͑AOM͒ from Neos Technologies, Model N23080, was triggered to switch off the laser beam to produce ringdown signals. The polarization-dependent signals were analyzed through a QWP with its fast axis at Ϫ45°from the x axis followed by a Glan laser PBS, allowing the two circular polarization components in the RCP and the LCP states, respectively, at x-and y-polarization ports of the PBS where two identical Hamamatsu photomultiplier tubes ͑PMT's͒, Model R955, are placed. The detected ringdown signals were digitized into two channels by the 12-bit oscilloscope with 10-MHz bandwidth from Gage Applied Sciences, CompuScope 1012.
The ringdown signals were recorded for the two circular polarizations by accumulating 128 ringdown events to achieve the desirable signal-to-noise ratio. We obtained signal-to-noise ratios with higher than 30 dB and an excellent fit of the ringdown signals to single exponential decays. A typical result is shown in Fig. 3 as an example that corresponds to the birefringence signal of ϭ Ϫ1.4 ϫ 10 Ϫ6 rad. The single exponential fit performed with nearly flat residuals supports the fact that our birefringence measurement satisfies the validity condition ͑N i Ϸ F i ͞2 Ͻ Ͻ 1͒ for the weak birefringence approximation we introduced. The average ringdown time for the entire experiment was 15.6 s, which implies a mirror reflectivity of R ϭ 0.9999637 and a corresponding cavity finesse of F ϭ ͑͞1 Ϫ R͒ ϭ 86500.
By rotating the orientation of the cavity mirrors, we separately measured the birefringence signals for the two individual mirrors. The linearity of a birefringence signal on the magnitude of mirror birefringence, as indicated by Eq. ͑5͒, facilitates both the measurement and the error analysis. The characterization procedure for either mirror is isolated from the influence of the other fixed mirror because phase retardation and orientation of a fixed mirror contribute nothing, but they do bias a dc offset to the oscillation of that can be readily eliminated after the sinusoidal fit of . Experimentally measured data for are shown in Fig. 4 , where each point represents the statistical average over 100 ringdown time measurements. The dc offset offset is subtracted from the original data , and the mirror orientation is assigned in terms of the fast axis angle fast based on the result of a least-squares fit of to a sinusoidal function. From the fit we have the phase retardance in the two mirrors as 1 ϭ 0.8 ϫ 10 Ϫ6 rad and 2 ϭ 2.2 ϫ 10 Ϫ6 rad. The experimental data in Fig. 4 are in good agreement with the theoretical curve to almost within the standard deviation of measured as ϳ 6 ϫ 10 Ϫ8 rad.
Discussion of Measurement Sensitivity
Uncertainty in the phase retardance estimated from the sinusoidal fit is theoretically warranted to be less than governed by the uncertainty in ringdown time measurement ͞. The accuracy of the measurement is, however, not affected by the shotto-shot fluctuation of the baseline ringdown times 0 ϭ d͞c͑1 Ϫ R͒ or, equivalently, the cavity finesse F ϭ ͑͞1 Ϫ R͒. There is no need to specify cavity finesse F because it is explicitly absent from Eq. ͑5͒, whereas cavity finesse F is implicitly taken into account in the polarization-dependent ringdown times Ϯ for each ringdown measurement, and the common fluctuation of F is canceled by the differential character of the measurement. This feature would greatly enhance the sensitivity and reliability of the measurement, especially in noisy environments. The fluctuation of the differential ringdown time ͑ ϩ Ϫ Ϫ ͒͞2 in this experiment was bounded within 0.15% of the mean ringdown time , whereas the ringdown time itself fluctuated by 0.45% in the short term for 100 ringdown signals and by 7% in the long term required for the acquisition of a full curve. The proposed technique is inherently immune to intensity fluctuations of a probe light and unequal detector gains, as is the case for a typical CRD technique. 16, 19 Furthermore, reasonable experimental tolerance is allowed, in principle, for the input polarization purity, the anisotropy of mirror substrates, and the overall analyzer performance determined by the accuracy of retardance and alignment of a wave plate and the extinction ratio of a polarizer-analyzer configuration. Such technical errors introduced either before or after cavity traversal could result in little difference because the method takes only the rate of polarization change that occurs in consecutive round trips rather than the amount of depolarization itself. It is theoretically predictable that the aforementioned imperfections represented by a small phase error of ␦ would cause erroneous polarization losses ᏸ Ϯ Ϸ ϯ␣͑1 Ϯ ␦ ͒, which are subsequently canceled by the differential measurement. In addition, the finite extinction error ␦ ext of a PBS could in fact leave nonvanishing errors as ᏸ Ϯ Ϸ ϯ␣͑1 Ϫ 2␦ ext ͒, but they would result in only a small fractional error in i , by a factor of Ϫ2␦ ext .
As to the ultimate sensitivity of our technique, it should be noted that the major limitation is not imposed by the extinction ratio of polarizers used in the experimental apparatus but rather associates with the deteriorated ringdown waveform that results from the technical noises. Theoretical estimation made for the uncertainty ͞ of this experiment leads us to the shot-noise limit of the phase retardation sensitivity ͉ shot ϭ ͑1 Ϫ R͒͑ ͉͒͞ shot as 1.8 ϫ 10
Ϫ8 rad for 128-averaged shots. Experimentally, however, the phase retardation sensitivity of ϳ6 ϫ 10 Ϫ8 rad has been achieved with the ringdown signals with Ϫ30-dB technical noise that gives rise to the ringdown time uncertainty ͞ of 1.5 ϫ 10
Ϫ3
. The inferior sensitivity of the experiment could be inferred from the additional technical noises including nonexponential decay components. Without such nonideal technical sources, one can further enhance the measurement sensitivity of this technique to the lower shot-noise limit by using photodetectors of higher responsivity and by taking an appropriate sampling rate and duration of the ringdown signal. 20 The higher finesse of a cavity also permits the possibility of a higher measurement sensitivity in principle, but this is true only when the involved technical noises or fluctuations are retained and do not overwhelm the gain in sensitivity that was achieved. This means that noise suppression and elimination of fluctuation are the prerequisites to enhance measurement sensitivity with a higher cavity finesse. Our proposed technique is thus expected to be more promising for the higher finesse cavity because the extreme multipass feature can still be exploited without painstakingly locking the cavity to the probe laser and the measurement is free from the influence of finesse fluctuation.
Conclusions
To summarize, the polarimetric differential cavity ringdown technique with a circular polarization an- alyzer has been successfully demonstrated to measure the ultralow residual linear birefringence of high-reflectivity mirrors. The ultimate phase retardation sensitivity as low as 6 ϫ 10 Ϫ8 rad has been achieved, and the directions of the mirror birefringence axes have been easily assigned. The balanced detection scheme based on the two circular polarizations, resulting in the linear sensitivity to the linear birefringence of a sample, has facilitated, in turn, both the measurement procedure and the data analysis. After characterization of the mirror birefringence has been carefully done, highfinesse cavities can be constructed so as to cancel or minimize the influence of the mirror birefringence for use in the polarization-sensitive interferometric measurement.
